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The necessity follows from the definitions and (3.13.6). Suppose con-
versely that the condition is satisfied and that a' is not the limit of/with
respect to A at the point a. Then, by (3.13.2) and (1.4.5), there exists a > 0
such that, for each integer /?, there exists xn e A satisfying the two condi-
tions d(a, xn) < I In and d(a',f(xn)) ^ a. The sequence (xn) converges then to
a, but (/CO) does not converge to a', which is a contradiction.
PROBLEMS
1.   Let («„) be a sequence of real numbers ^ 0 such that   lim un — 0. Show that there are
n-»oo
infinitely many indices n such that un ^ um for every m ^ n.
2.	(a)   Let (xn) be a sequence in a metric space E. Show that if the three subsequences
fen), fe«+i) and (x3n) are convergent, (xn) is convergent.
(b) Give an example of a sequence (*„) of real numbers which is not convergent, but is
such that for each & ^ 2, the subsequence (xkn) is convergent (consider the subsequence
(xpk)t where (pk) is the strictly increasing sequence of prime numbers).
3.	Let E be a separable metric space, /an arbitrary mapping of E into R. Show that the
set of points a e E such that     lim   f(x) exists and is distinct from /(#), is at most
x~+a, x&a
denumerable. (For every pair of rational numbers p, q such that p < q, consider the set
of points a e E such that
f(a)^p<q^    lim   f(x)
x~+a, x^a
and show that it is at most denumerable, using Problem 2(a) of Section 3.9. Consider
similarly the set of points a e E such that
lim
14. CAUCHY SEQUENCES, COMPLETE SPACES
In a metric space E, a Cauchy sequence is an infinite sequence (xn) such
that, for any e > 0, there exists an integer n0 such that the relations p^ n0
and q ^ nQ imply d(xp, xq) < e.
(3.14,1)   Any convergent sequence is a Cauchy sequence.
For if a = lim xn, for any e > 0 there exists n0 such that n ^ n0 implies
n-+oo
d(a, xn) < a/2; by the triangle inequality, the relation^ p ^ n0, q ^ n0 imply
d(xp,xq)<s.

